the Lagrangian and Hamiltonian functions are derived which are inde pendent of the relationship between the magnetic field and the magnetic induction and of that between the electric field and the electric displace ment. The relationship between these formulae of general validity and other better known formulae of restricted validity is discussed. 70 E. A. Guggenheim
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1-Introduction
An accurate analysis of the thermodynamics of magnetic systems has to our knowledge never been made. The accounts given in the usual sources of reference are slight. Quite recently Stonerf has tried to remedy this deficiency by a paper full of interest, but there are several points in his treatment which seem to us not altogether free from objection. We are therefore attempting in the present paper to give an accurate and fairly comprehensive treatment of the subject, in which the method of approach is somewhat different. This treatment seems to clarify the situation considerably. In particular we give a much more thorough analysis of pressure-volume effects than has previously been attempted. At the end of our paper we consider the relation between some of Stoner's formulae and our own.
The thermodynamics of magnetic systems may be regarded as an extension of the electrodynamics of such systems to take account of thermal changes and volume changes of the magnetic matter. The chief difficulty encountered was that of finding a logically consistent treatment of magnetic energy from a purely electrodynamic aspect. In most of the recognized text-books either the treatment is not self-consistent or else it is assumed that the ratio of the magnetic induction to the magnetic field intensity is a constant. In a thermodynamic treatment this assump tion may not be made even for diamagnetic and paramagnetic substances, because even supposing it to be valid at constant temperature it will not be valid when the temperature varies. Nor can it generally be accurate both for variations at constant volume and for variations at constant pressure. It is therefore essential to start with a formula for magnetic energy which is independent of any assumed relation between the magnetic induction and the magnetic field intensity other than that each is a single valued continuous function of the other. This subject has been dis cussed in another paperf where a formula of general validity for magnetic energy was obtained. We shall make this the basis of the present treat ment.
2-Symbols and D efinitions
We shall, so far as possible, use the symbols recommended by the International Union of Pure and Applied Physicsf both for thermody namic and magnetic quantities. The most important symbols used are the following: B, magnetic induction. H, intensity of magnetic field. M, intensity of permanent magnetization.
[x, permeability. (x0, permeability of empty space.
I, intensity of induced magnetization. k, susceptibility. T, temperature (absolute). P, pressure. S, entropy. V, volume. E, internal energy (thermodynamic potential for S, V, B). F, free energy (thermodynamic potential for T, V, B). G, Gibbs function (thermodynamic potential for T, P, B). H, thermodynamic potential for S, V, H. d, thermodynamic potential for T, V, H. O, thermodynamic potential for T, P, H. s, contribution of unit volume to entropy.
e, contribution of unit volume to internal energy. f, contribution of unit volume to the free energy. 3, contribution of unit volume to 3-partial potential. v, volume per unit mass. c ,cB, cH, heat capacities per unit volume, a, a', coefficients of thermal expansion. P, p', compressibilities. y, y', magnetostriction coefficients.
As we wish to confine ourselves entirely to reversible changes, hysteresis is expressly excluded. This means that the magnetic induction B and the intensity of the magnetic field H are each a single valued function of the other for each portion of matter as well as for empty space. By the intensity of permanent magnetization we mean the value of B when H is zero. When H increases from zero the value of B also changes. Inside magnetic matter the magnetization will usually also change, but M is by definition a constant for each portion of matter, the intensity of induced magnetization being denoted by I. These quantities are related to one another and to the permeability h and the susceptibility k by the formulae H and K may vary with T, P, and H, but M is a constant for each portion of a permanent magnet. The relations (2.1), (2.2), (2.3) are applicable to any kind of magnetic matter, excluding only hysteresis, and to empty space.
The following formulae apply to special cases: Empty space:
Absence of permanent magnetism:
Absence of induced magnetism:
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We shall refer to a substance with the magnetic properties corresponding to (2.6) as a " rigid permanent magnet 3-Thermodynamic F unctions for M agnetic System of F ixed
Configuration
In our previous paper we showed that in a magnetic system of given configuration the total energy W is of the form
where W° is the value of the energy when B is zero everywhere. The first integration is over the whole volume of the system and the second integra tion is at constant configuration of the system. It was shown that this formula is of general validity for a system containing electric currents, magnetic matter, and permanent magnets provided only that hysteresis be excluded. We therefore define the magnetic energy Wm by ) and the volume density wm of magnetic energy by
As already mentioned this integration from 0 to B is to be performed at constant configuration and from an electromagnetic standpoint this completely defines the integral. From a thermodynamic standpoint we need to specify further the thermal conditions holding during the integra tion. If the temperature is kept constant during the integration then we obtain the contribution of the magnetic field to the free energy. If on the other hand we keep the entropy constant during the integration we obtain the contribution of the magnetic fields to the total energy. We therefore have the formulae
5) (S,V) where F°, E° are independent of the magnetic field. The symbols in brackets below the integration sign denote that the quantities represented by them are to be kept constant during the integration. In both formulae since the integration from 0 to B is to be performed at constant con figuration there will have to be pressure changes to counterbalance the effects of thermal expansion and of magnetostriction. We shall later obtain formulae applicable to variations at constant pressure. These correspond more closely with usual practical conditions but, as we shall find, they are considerably less simple.
We might take either (3.4) or (3.5) as a basis for the thermodynamic discussion of magnetization. Both would lead to the same results. As the most useful formulae contain T rather than S, as an independent variable, we find it more convenient to use (3.4). Regarding T and B as independent variables we obtain for the most general variation at constant configuration
where S° denotes the value of the entropy at the given configuration and temperature when B is everywhere zero: S° is thus a function of T and the configuration but is independent of B. From (3.6) we deduce
or if we denote the entropy per unit volume by s
where s is the value of s for the given temperature and configuration in the absence of the field. Since s° is by definition i can write (3.8) in the differentiated form (3.9)
The total energy E and the free energy F of any system related by are by definition E = F + TS. (3.10)
Hence by substituting (3.4) and (3.7) into (3.10) we obtain for the total energy the formula E -P + T S H i j^C j n -T ® }^. ,3.11)
Since F°, S°, and T are by definition independent of B, we have \ 0B T, V (3.12)
or if we denote the total energy per unit volume by E 8e \ .0B/t, v (3.13)
The free energy F is the characteristic function or thermodynamic potential for the independent variables T, V, B. The corresponding thermodynamic potential for the independent variables T, V, H may be denoted by d and is defined by
where the integration extends over the volume of the whole system. If we substitute from (3.4) into (3.14) we obtain
the second integration being performed at constant configuration and constant T. The lower limit for H corresponds to the value zero for B. Thus F and J both have the value F° in the same standard state with B everywhere zero. As explained in the previous paperf this state can be realized even in the presence of permanent magnets by introducing currents which exactly neutralize the magnetic induction due to the permanent magnets. A state with H everywhere zero is, on the other hand, generally impossible in the presence of permanent magnets. In the standard state H is indeed zero everywhere outside the permanent magnets, but inside them H has the value given by B = 4ttM + txH = 0.
(3.16)
If we now consider any variation at constant configuration, we have according to (3.15)
But from (3.14) with (3.6) and (3.7) it follows that
Comparing (3.18) with (3.17) we see that
The equivalence of the two formulae (3.19) and (3.7) for S can be veri fied as follows. Remembering that the integrations are to be evaluated at constant T, we have
Corresponding to formula (3.19) for the entropy of the whole system we have for the entropy per unit volume aB J -4ttm /m ST dH.
(T, V)
This can be written in the differentiated form (3.21)
We define a new thermodynamic function H by
Actually 3 is equal to the thermodynamic potential for the independent variables S, V, H, but we shall not make use of this set of variables. By comparing (3.23) with (3.10) and (3.14) we see that a = 3 + TS.
Substituting (3.15) and (3.19) into (3.24) we obtain In deducing all our formulae we have assumed nothing whatever concerning the relation between H and B beyorkd that for a given con figuration and temperature each is a single valued function of the other. In other words we postulate only the absence of hysteresis, but, subject to this one restriction, all the formulae obtained are applicable equally to diamagnetic, paramagnetic, and ferromagnetic substances including permanent magnets. By introducing the permeability [x defined by For ferromagnetic substances formulae (3.32) and (3.34) do not mean the same thing, but both are true.
H=F> + T S " --L J r fV
B = 4ttM + [xH,(3.
4-Magnetic Equation of State
By a magnetic equation of state we mean a relation between T, B, and H. Strictly speaking such a relation would involve the volume V or the pressure, but in order not to obscure the argument we shall confine ourselves to systems of constant configuration. We can then apply any of the formulae' previously derived. Of particular importance is a formula expressing T as an explicit function of B and H, since a knowledge of this formula for a given magnetic substance would enable us to use it as a magnetic thermometer. Before obtaining such a formula we shall recall the analogous formulae which enable a gas to be used as a constant volume or a constant pressure thermometer.
If a gas is allowed to expand without doing work, as in Joule's experi ment, and we measure the heat that must be supplied to restore it to its initial temperature we have a measure of (0E/0V)x. If this has been done under various conditions it is theoretically possible to obtain this quantity expressed as a function of P and V, say It can then be shownf that for variations at constant volume
This is the general formula of a constant volume gas thermometer. In particular if s is zero, we have T directly proportional to P at constant V. If, on the other hand, we force a steady stream of gas through a porous plug, as in the Joule-Thomson experiment, and we measure the heat that must be supplied to bring the expanded gas to the same tempera ture as the compressed gas we obtain the value of (0 [E + PV]/0P)T. Suppose this quantity can be expressed as a function of P and V, say
It can then be shownf that at constant pressure
This is the general formula for a constant pressure thermometer. In particular if v\ is zero, we have T directly proportional to V at consta P. In particular if s and tj are both zero, T is directly proportional to the product PV and the gas is then described as perfect. The point that we wish to emphasize is that before a gas can be used to measure tempera ture on the absolute scale, it is necessary to measure either the Joule effect or the Joule-Thomson effect or something equivalent. The equa tion of state of a gas can be expressed in the general differential form dB dV
J lo g T = T^+ v^V (4'5)
We shall show how to obtain a general form for the magnetic equation of state corresponding to (4.5).
We shall assume that in any state of a piece of magnetic matter it is possible to measure B, H, and E. The value of 3 will then also be known. It is therefore in principle possible to determine (8e/3B)t as functions of B and H. We therefore write and (3a/0H)T 4 " b ( I H -5<b-H)- We can put (4.8) and (4.9) into the slightly different forms
Combining (4.10) and (4.11) we obtain finally < 5 ? log T -(4.12)
We recall that £ and £ are both to be considered as functions of B and H. From (4.12) we see that they are related by
Formula (4.12) is the most general form of the magnetic equation of state. It simplifies if B/H is a function of T only, as is usually the case for diamagnetic and paramagnetic substances. For in this special case (4.6) and (4.7) may be written (4.14) (4.15) from which we obtain by subtraction We shall now illustrate these formulae by an example. Let us suppose that
By substitution of (4.18) into (4.12) or (4.17) we obtain and from the fact that is a function of T only we obtain for f the free energy per unit volume using (3.4)
where f° is the value of F at the given temperature and configuration when there is no magnetic field. From (4.21) and (4.22) we deduce
where s° is the value of s at the given temperature and configuration when there is no magnetic field. Combining (4.22) and (4.23) we obtain e = f + Ts = f0 + Ts°+ -L i^H 2 (4.24) 47T from which we can easily verify formula (4.18) for
5-Heat Capacities and Adiabatics
The heat capacity per unit volume c may be defined by the relation
this definition is incomplete because it does not specify how V or P, nor how B or H, are supposed to vary during the specified variation of T.
In fact we have a double infinity of heat capacities, amongst which two of special importance are cB,v and cH,v defined respectively by 
G
As we shall in this section be concerned only with variations at constant configuration, we shall omit the subscripts V both in the symbols for the heat capacities and in those denoting partial differentiation. If we differentiate (3.8) we obtain c°T -i r (
where c° is the heat capacity per unit volume when B is zero. By com parison of (5.2) and (5.4) we see that When we divide (5.13) by (5.14) we obtain
In the special case that [x is a function of T only, (5.15) may be written in the alternative form
It is not without interest to apply some of these formulae to a special case. We choose a homogeneous system containing C magnetic particles per unit volume, each particle having a permanent magnetic moment m. We can make the interaction between the magnetic particles as small as we like for any given value of H by making C sufficiently small, e.g., a dilute solid solution of a paramagnetic rare earth salt in an isomorphous diamagnetic rare earth salt. If we may neglect interaction between the magnetic particles and also neglect the diamagnetism the application of statistical mechanics leads to a formula of the type oB 0H
and L (x) is a function which for small values of x differs inappreciably from x/3. The behaviour of L (x) for large x we, for the moment, leave unspecified. For this system we have, according to (3.21)
Similarly from (5.8) and (5.19) we deduce
Usually in practice x is very small compared with unity and we then have the co-efficient Cm213k being known as Curie's constant for the system. Under these conditions formulae (5.19) and (5.20) take the more explicit
In view of the use of adiabatic demagnetization as a means of attaining low temperatures it is of interest to consider in more detail the form of the adiabatics for the limiting case of T small. According to the well-known theory of Debye c° is at very low temperatures directly proportional to T3 and so s° is linear in T3. Hence according to (5.19) the adiabatics take the form where a is a constant for the system and is a constant for each adiabatic. Since, however, in practice x is small even for the strongest fields and lowest temperatures so far attained, we may replace (5.25) by as the case may be. By using one of these formulae we can calculate the entropy increase, according to either model, when the field is changed isothermally from HL to H 2. In particular we can calculate the limiting form of this entropy change as T tends to zero. To obtain this value we use the limiting form of (5.32) or of (5.33) as x -> oo. These limiting forms are and s = s0 -Ck {1 -log 2x}, We reach the conclusion that if the magnetic particles could point in all directions Nernst's heat theorem would be disobeyed, as has been pointed out by Debye, whereas the hypothesis that the particles can point only parallel or antiparallel to the field leads to (5.37) in agreement with Nernst's theorem.
6-Variations of Volume. Systems w ith Simple Symmetry
All the formulae so far obtained are strictly valid only for systems of fixed configuration. Hence when the temperature and the magnetic field in any piece of matter are varied the size and shape of the piece of matter are supposed to be kept unaltered. This will generally require variations of pressure to counteract the effects of thermal expansion and magneto striction. In practice it is more usual to work at constant pressure, in which case with any variation of temperature or magnetic field there will usually be associated alterations of size and shape of the magnetic matter. These changes of size and shape of the magnetic matter will often be so small as to be practically negligible. The formulae for variations at constant configuration may then be used as approximations even though the actual variations be at constant pressure. It is nevertheless of interest from a theoretical point of view to consider variations at constant pressure in more detail.
The deduction of accurate formulae applicable to systems in which the magnetic matter undergoes variations of volume is not so simple as sometimes supposed. For the most general variation of the free energy we may write
where dA denotes an element of free surface of matter, P is the pressure normal to it and is its displacement in the direction of the outward normal; the integration extends over the free surface of matter. If the pressure had everywhere the same value the last integral in (6.1) could be replaced by the simpler expression -PSV but we shall find that for magnetic matter in hydrostatic equilibrium in a magnetic field the pressure is generally not uniform but depends both on the strength of the field and on its direction relative to the element of surface considered. Hence in a system containing magnetic matter in a magnetic field we cannot generally speak of " the pressure of the system Only for systems of specially simple symmetry is the pressure uniform over all the free surface of matter. We describe three such systems below.
Usually a variation of the volume of a piece of magnetic matter will in volve an alteration of shape. The alteration in the magnetic field will then be not merely a uniform change of intensity but the whole field will usually be distorted. The variation of magnetic energy is defined only if the change of shape of each portion of magnetic matter is prescribed. It is hardly possible to obtain compact formulae of general validity. To obtain simple formulae we have to confine ourselves to systems with such simple symmetry that variations of volume can occur which do not destroy this symmetry. We shall consider three such systems. In each of these the magnetic matter may be diamagnetic, paramagnetic, or ferromagnetic without hysteresis, but we shall exclude permanent magnets as it is difficult to avoid destroying the symmetry of the magnetic field when there is an alteration in the volume occupied by a permanent magnet. In. fact for the type of volume variation to which we shall require to restrict ourselves it is necessary that the magnetic matter should be fluid, whereas a permanent magnet is of necessity rigid. To deal with variations at constant pressure in systems containing per manent magnets the best we can do is to use the formulae for variations at constant volume as approximations.
. In all three systems of simple symmetry, which we shall consider, the magnetic field is produced entirely by a single circuit consisting of a uniformly wound solenoid of circular cross-section bent into a circular anchor-ring of radius large compared with the radius of its cross-section. The three systems differ from one another in the disposition of the magnetic matter relative to this circuit. In the first system we suppose the solenoid completely embedded both inside and out, in a fluid magnetic medium of uniform composition. The whole of the free surface of the magnetic matter thus lies outside the magnetic field. We shall refer to this sym metrical system as S.l. In the second system we suppose the only magnetic matter present to consist of a thin slab of uniform thickness and of cross-section equal to the cross-section of the solenoid and coinciding with it. The thickness of the slab is to be small compared with the 88 E. A. Guggenheim radius of the cross-section of the solenoid. We further assume the magnetic matter to be fluid, so that when it expands or contracts it can be constrained to do so only in the direction normal to the cross-section of the solenoid and we shall postulate that only volume variations of this kind occur. The symmetry of the system is then preserved when the volume of the magnetic matter varies. We shall refer to this system as S.2. In our third system we suppose the only magnetic matter present to be in the form of a core similar to the solenoid in shape and in position. Its cross-section is smaller than the cross-section of the solenoid so that the core is completely surrounded by the solenoid. The magnetic core is to be a fluid of uniform composition so constrained that, when it expands or contracts, it does so only radially. We postulate that only volume variations of this kind occur, so that the symmetry of the system is preserved. We shall refer to this system as S.3.
In all three systems the magnetic induction B and the magnetic field intensity H are effectively zero everywhere outside the solenoid (absolutely zero in S.l and S.3, approximately so in S.2). If we ignore the curvature of its cross-section we may regard both B and H as having a uniform magnitude in the interior of the solenoid in system S.l. To the same degree of accuracy the magnitude of B will be uniform in the interior of the solenoid in system S.2, while in S.3, it is the magnitude of H which may be taken as uniform throughout the interior of the solenoid.
In system S.l the free surface of the magnetic matter is outside the magnetic field, in system S.2 it is everywhere perpendicular to the field, and in system S.3, everywhere parallel to the field. In each case pressure on the free surface will be uniform. In each case we shall refer to this pressure as the " pressure of the system As pointed out above, it is only in systems of simple symmetry that there is uniform pressure over the free surface for hydrostatic equilibrium.
In order to obtain simple thermodynamic relations we shall consider the three systems of simple symmetry separately. Commencing with S.l we have for the variation of the free energy of this system where Vs denotes the volume (supposed invariable) interior to the solenoid while V is the total volume of the matter. Similarly, for the variation of the thermodynamic potential d for the independent variables, T, V, H we have
Sdf --S ST -P SV -^ Vs B SH
= -S ST -P SV -^ Vs txH SH.
By cross-differentiation we deduce from (7.1)
and similarly from (7.2)
Of greater practical interest are relations in which the pressure is chosen as independent variable instead of the volume. To obtain such relations, we introduce the thermodynamic potential G for the variables T, P, B defined by G (T, P, B) = F + PV, (7.5) and the thermodynamic potential for the variables T, P, H to be denoted by O and defined by O (T, P, H) = d + PV = G~4^VsHB-(7-6) By differentiating (7.5) and comparing with (7.1) we obtain
4n [x and similarly by differentiating (7.6) and comparing with (7.2) we obtain 1 SO = -SST + V SP -^ Vs(xH SH (7.8)
By cross-differentiation we deduce from (7.7), if we denote by s the entropy per unit volume inside the solenoid, In a similar manner we deduce from (7.8)
4tt \3T /p,h J _ /3 V \ = _ J _ H /^\ Vs \0H /t,p 4tt \3 P /t,h" (7.11) (7.12)
All these formulae are independent of any assumed relation between B and H. If the ratio jx of B to H is a function of T and P only, then at constant T, P the value of jx is constant. Under such conditions formulae (7.9) and (7.11) mean the same thing as do also (7.10) and (7.12). The two pairs of formulae are, however, in general different, but all are valid for all magnetic matter in the absence of hysteresis and permanent magnetism.
Analogous to the forms (3.4) and (3.15) for F and J the thermodynamic potentials G and O are of the form G = G* + J -Vs P h < /B (7.13) where G * is the value of G and of D at the given temperature and pressure in the absence of the field. If we differentiate (7.13) and (7.14) with respect to T, we obtain s -s* -s v-£ w ''b (7.15)
where S* is the value of S at the given temperature and pressure in the absence of the field. It is to be noted that S* is not the same as S°. That (7.15) and (7.16) are equivalent may be shown as follows: (7.17) Similarly, if we differentiate (7.13) and (7.14) with respect to P we obtain
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where V* is the value of V at the given temperature and pressure in the absence of the field. The proof of the equivalence of (7.18) and (7.19) is exactly analogous to that of the equivalence of (7.15) and (7.16). From the form of (7.13) we can verify the well-known property of G that for a process at constant T, P the increase of G is equal to the work done on the system other than the work done by the external pressure.
8-Thermodynamic Relations for System S.2
We shall now consider the system S.2. As the magnitude of B is effectively uniform throughout the interior of the solenoid the most general variation of the free energy, consistent with conservation of the symmetry of the system, is given by where G* is the value of G at the given temperature and pressure in the absence of the field; the integration is to be performed at constant T, P the value of V in the integrand varying with B during the integration. If we differentiate (8.9) with respect to T we obtain
<T, P)
where S* denotes the value of S at the given temperature and pressure in the absence of the field. Similarly, differentiating (8.9) with respect to P we obtain
where V* denotes the value of V at the given temperature and pressure in the absence of the field. Since (8.10) is the integrated form of (8.5) and (8.11) is the integrated form of (8.7) the correctness of (8.9) is verified. From (8.9) we can verify the well-known property of G that for any variation at constant T, P the increase of G is equal to the work done on the system other than the work done by the external pressure.
9-Thermodynamic Relations for System S.3
We shall now consider system S.3. As the magnitude of H is effectively uniform throughout the interior of the solenoid the thermodynamic potential J (T, V, H) defined by (3.14) is more useful than the free energy F (T, V, B). The most general variation of T, consistent with con servation of the symmetry of the system, is given by
here V is the volume of the magnetic matter and Vs is the total volume interior to the solenoid. It is more useful to take P instead of V as independent variable. The relevant thermodynamic potential is D (T, P, H) defined by O (T, P, H) = + PV, (9.2) and its most general variation, consistent with conservation of the sym metry of the system, is where O* denotes the value of O at the given temperature and pressure in the absence of the field. If we differentiate (9.9) with respect to T we obtain S = S* + i -|H dH VH | | | + a' (jx -ix0)J , (9.10)
where S* is the value of S at the given temperature and pressure in the absence of the field. Similarly, if we differentiate (9.9) with respect to P we obtain V = V * -4^ f" dH VH (fjs -P' (P -Ho)} ,
where V* is the value of V at the given temperature and pressure in the absence of the field. The correctness of (9.9) is verified by the fact that (9.10) and (9.11) are the integrated forms of (9.5) and (9.7) respectively.
10-D iscussion of Formulae for Symmetrical Systems
A comparison of the formulae of the last three sections shows that different formulae are obtained for the three systems S.l, S.2, and S.3. We believe that only those applying to S.l have been given previously and that the distinction between the three sets has never been realized. The explanation of the difference is that the symbol P has a different physical meaning in the three sets. In S.2 the pressure denoted by P is that on a surface transverse to the magnet field while in S.3 the pressure denoted by P is that on a surface parallel to the magnet field. In the simpler and better known formulae of S.l the pressure denoted by P is not the pressure on matter in the magnetic field but the pressure on matter outside the field in hydrostatic equilibrium with matter in the field. That these three pressures have different values will be shown in the next section.
It is perhaps worth while pointing out that, as the two sets of coefficients a > P» Y ar>d a', (3', y' are applicable under entirely different conditions, they are not related to each other in any obviously simple manner. The coefficients a, (3, y apply to volume changes parallel to the field when volume changes in the transverse direction are expressly eliminated by rigid constraint. Conversely, the coefficients a', (3', y' are applicable to volume changes transverse to the field when volume changes parallel to the field are expressly eliminated by rigid constraint.
11-V ariations of Q u a n tity of M agnetic M atter
If we wish to study how the thermodynamic properties of a piece of magnetic matter depend on its amount, we can most conveniently do so by introducing Gibbsian partial potentials y defined by . where m denotes the number of units of mass of the magnetic material.
(We use the symbol xj for the partial potential because the more usual \x is already required for the permeability.) In general an alteration of the quantity of magnetic matter will involve a distortion of the whole field and it will be impossible to obtain any compact formulae involving xj.
To obtain useful formulae we shall again confine ourselves to systems of simple symmetry, in particular S.2 and S.3. In both S.2 and S.3 we shall postulate that the variation of the quantity of magnetic matter does not destroy the symmetry of the system. Thus in S.2 the slab of magnetic matter must increase or decrease uniformly in thickness and in S.3 the magnetic core must increase or decrease uniformly in cross-section. For the system S.2 it is convenient to take B as an independent variable and we therefore use the thermodynamic potential G. For the most general variation we have
By cross-differentiation we deduce (11.4) where v denotes the volume of unit mass of the magnetic matter in the given field. For a series of systems of the same type S.2, all at the same temperature, all containing the same kind of magnetic matter, all in equilibrium with respect to this matter, and each differing infinitesimally from the next, we have SJ4 = |^S P + |g S B -0 , (11.5) and so, according to (11.3) and (11.4),
For the system S.3 it is convenient to take H rather than B as an independent variable because the magnitude of H is uniform throughout the interior of the solenoid. We therefore use the thermodynamic poten tial O. For the most general variation we have 96 E. A. Guggenheim
By cross-differentiation we deduce (11.7) (11.8) (w )t, p = _ H -(11.9)
For a series of systems of the same type S.3 all at the same temperature, all containing the same kind of magnetic matter, all in equilibrium with respect to this matter and each differing infinitesimally from the last, we have^= (11.10) and so, according to (11.8) and (11.9), ffo) HSH = 0. (11.11)
H ydrostatic E quilibrium of M agnetic F l u id
Suppose now that we consider a piece of magnetic matter of uniform composition in hydrostatic isothermal equilibrium in an inhomogeneous magnetic field. Then the equilibrium at each element of its free surface will be completely determined by the values of B and H on each side of the surface, by the directions of B and H relative to the element of surface, and by the external pressure on the element of surface. In particular the equilibria of all possible elements of surface perpendicular to the magnetic field will according to (11.6) be related by 8p" = s ( £ -H) 21) where B and H denote the values inside the matter, and we write P<r to denote pressure on an element of surface transverse to the field. Similarly the equilibria of all possible elements of surface parallel to the magnetic field will according to (11.11) be related by (12.2) where B and H denote the values inside the matter and we write P"a to denote pressure on an element of surface parallel to the field. Neither (12.1) nor (12.2) can be integrated explicitly. However, by subtraction we obtain 8 (Ptr -P"0) = i ; f ( B -H"H) (SB -fx08H), (12.3) 4tt jj.0 which can be integrated to give = 4ttI2/2 h-o, (12.4) where I denotes the intensity of induced magnetization. The meaning of (12.4) is the following. If there are two elements of surface one transverse to the field and one parallel to the field, the intensity of magnetization being equal in the matter just interior to the two elements of surface, then for complete equilibrium the external pressures on the two elements must differ in magnitude according to (12.4) . It is par ticularly noteworthy that for equilibrium P(r must always be greater than Vva, whether the matter be diamagnetic, paramagnetic, or ferro magnetic. Conversely if a sphere of magnetic fluid under uniform pres sure is placed in a uniform magnetic field it will tend to flatten out into a thin slab transverse to the field and this will be the case whether the matter be diamagnetic, paramagnetic, or ferromagnetic.
VOL. clv.-A.
In the special case that [x is a constant independent of P and of B (or H) we can integrate (12.1) and (12.2) separately and obtain p» -p« + r * i ( ; H ) B2 = P0 + IB/2(x0 (12.5)
P^P o + g U C P -Po)H2
= Po + ilH , (12.6)
where P0 is the pressure on an element of surface outside the field in equilibrium with the matter in the field. This is in agreement with the usual magnetostatic formulae for constant jx according to which the stresses due to the magnetic forces consist of a tension H B 8 tt along the field and a pressure HB/8tc across the field. At a surface transverse to the field B is continuous and so there is a tension B2/'8t t ;[x0 outwards and B2/8ttfx inwards, giving a resultant outward tension IB/2fx0. For hydro static equilibrium the external pressure has to balance this tension as well as the external pressure at parts of the surface outside the field; hence formula (12.5). For a surface parallel to the field H is continuous and so there is a tension ( x0H2/8t c inwards and ( xH2/8tt outwards, giving a resultant outward tension ^IH. For hydrostatic equilibrium the external pressure has to balance this tension as well as the external pressure at parts of the surface outside the field; hence formula (12.6). We have purposely referred only to the external pressures acting on free surfaces and have refrained from mentioning the pressure in the interior of the fluid, because the latter cannot be directly measured. To measure what is usually called the pressure across an element of surface in the interior of the fluid we should have to remove the liquid on one side of the element of surface to make room for the membrane, or other apparatus, used to make the measurement. Naturally we should choose a membrane made of material without magnetic properties (fx = ix0). The surface element would then be bounded on one side by a medium with [x equal to [x0 and so would become effectively an element of free surface. If therefore we speak of the pressure across the various parts of the surface of an element of a magnetic fluid we really mean the pres sures when the element is completely surrounded by a medium with |x equal to [x0. The magnetic stresses over the surface of the element are then all outwards but their magnitudes are different in different directions. Hence the external pressures required to balance them must also be The Thermodynamics o f Magnetization )) different in different directions. The usual hydrostatic theorem that the pressure in a fluid is the same in all directions is true for a magnetic fluid only if by " pressure " is meant the sum of the mechanical pressure and magnetic stress.
Amongst the previous treatments of this subject of which we are aware, the only ones sufficiently detailed to call for discussion are the recent one of Stoner, f already referred to, and an earlier one of Debye. £ As the former is in many respects an elaboration of the latter, the two may conveniently be discussed together.
Debye bases his treatment of magnetism on the consideration of magnetic poles and by analogy with electrostatics obtains the expression -f i dW H SB for the magnetic contribution SWm to the variations of the 4 7 1 J total energy and of the free energy. Stoner tried to give an alternative derivation, which he now admits to be unsound. § After obtaining this expression for SWm Debye splits it into the sum of two terms according to He then ascribes the first term on the right of (13.1) to the magnetic energy of the ether and the second to the magnetic energy of the matter. Stoner follows the same procedure and tacitly drops the term assigned to the ether. Now as the " ether " and the matter occupy the same space, there is no means of distinguishing between the " energy ol the ether " and the " energy of the matter " . We can therefore attach no physical meaning to this division of the energy into two parts. In fact, we might with equal justification write and assign the first term on the right of (13.2) to the ether and the second to the matter. For our symmetrical system S.3, the magnitude of H being uniform throughout the interior of the solenoid, the separation of §Wm into two terms according to (13.1) may be convenient and if it is desired to name two terms we should not object to calling them the " energy increase of the ether " and the " energy increase of the matter ", provided the purely conventional nature of this terminology were emphasized. But in our system S.2 it is the magnitude of B, not H, that is uniform through the interior of the solenoid. In that case the separa tion of 8Wm into two terms according to (13.2) is certainly more useful than according to (13.1). If the terminology of " energy of the ether " and " energy of the matter " were to be retained, it would then have to be according to a different convention. The confusion probably arises from the idea at one time current that H is of a more fundamental nature than B. Actually it is, if anything, B that is the more fundamental. If we could imagine all the matter removed leaving behind the molecular currents (a process recalling the departure of the Cheshire cat leaving behind its grin) it is B, not H, which would remain unaltered.
By dropping the first term on the right of (13.1) Stoner obtains functions which he denotes by E1 and Fx and which are related to our E and F as follows:
The most important of Stoner's conclusions are derived from the fact that 8FX is an exact differential and their validity is therefore unaffected by the fact that Fx is not the free energy of the system.
Neither Debye nor Stoner refers to the fact that the pressure in the field will be different in different directions. Stoner, without describing the shape of his system, tacitly assumes not only that the values of B and H are uniform throughout, but also that they remain so when V alters. Our system S.l has the convenient property that even when the total volume V of the magnetic matter is varied, the volume Vs of the magnetic matter in the field remains unaltered and so Stoner's formulae are valid for this system, it is clear then that the meaning of P in his formulae is not the pressure on the matter in the field, but the pressure on similar matter outside the field in equilibrium with matter in the field. This point is of only theoretical interest, as Stoner has pointed out that the magnetostriction is in practice very small and may usually be neglected.
. (13.3)
It gives me great pleasure to acknowledge my indebtedness to Professor C. G. Darwin for the interest he has taken in this paper and more especially for his constructive criticism and invaluable advice.
The Thermodynamics o f Magnetization 101

S ummary
Proceeding from a formula for magnetic energy, derived in the previous paper and of general validity for systems containing currents, permanent magnetism, and induced magnetism, all the most important thermo dynamic formulae for magnetic systems are derived. A general form is derived for the magnetic equation of state, on which magnetic thermo metry ultimately depends. A discussion of adiabatic changes of magneti zation is included. Where the present treatment especially leads to results differing from those of previous less exact treatments is in systems maintained at constant pressure. The accurate formulae applicable to these conditions turn out to be more complicated than previously sup posed.
Fortunately magnetostriction is usually so small that in practice it is ignored. One may then use for variations at constant pressure the simpler formulae strictly valid only for variations at fixed configuration.
